The aim of this paper is to present some coincidence point results for six mappings satisfying the generalized (ψ , ϕ)-weakly contractive condition in the framework of partially ordered G-metric spaces. To elucidate our results, we present two examples together with an application of a system of integral equations. MSC: Primary 47H10; secondary 54H25
Very recently, Jleli and Samet [] and Samet et al. [] noticed that some fixed point theorems in the context of a G-metric space can be concluded by some existing results in the setting of a (quasi-)metric space. In fact, if the contraction condition of the fixed point theorem on a G-metric space can be reduced to two variables instead of three variables, then one can construct an equivalent fixed point theorem in the setting of a usual metric space. More precisely, in [, ] , the authors noticed that d(x, y) = G(x, y, y) forms a quasimetric. Therefore, if one can transform the contraction condition of existence results in a G-metric space in such terms, G(x, y, y), then the related fixed point results become the known fixed point results in the context of a quasi-metric space.
The following definitions and results will be needed in the sequel.
Definition . []
Let X be a nonempty set. Suppose that a mapping G : X × X × X → R + satisfies: (G) G(x, y, z) =  if x = y = z; (G)  < G(x, y, z) for all x, y, z ∈ X, with x = y; (G) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X, with y = z; http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Then G is called a G-metric on X and (X, G) is called a G-metric space.
Definition . []
A sequence {x n } in a G-metric space X is: (i) a G-convergent sequence if there is x ∈ X such that for any ε > , and n  ∈ N, for all
Lemma . []
Let X be a G-metric space. Then the following are equivalent:
Lemma . [] Let X be a G-metric space. Then the following are equivalent:
The sequence {x n } is G-Cauchy.
Definition . [] Let (X, G) and (X , G ) be two G-metric spaces. Then a function f : X → X is G-continuous at a point x ∈ X if and only if it is G-sequentially continuous at x; that is, whenever {x n } is G-convergent to x, {f (x n )} is G -convergent to f (x).
For a symmetric G-metric space, one obtains
However, if G is not symmetric, then the following inequality holds:
Definition . A partially ordered G-metric space (X, , G) is said to have the sequential limit comparison property if for every nondecreasing sequence (nonincreasing sequence) {x n } in X, x n → x implies that x n x (x x n ). Let X be a nonempty set and f : X → X be a given mapping. For every x ∈ X, let f - (x) = {u ∈ X : fu = x}.
Definition . Let (X, ) be a partially ordered set, and let f , g, h : X → X be mappings such that fX ⊆ hX and gX ⊆ hX. The ordered pair (f , g) is said to be: (a) weakly increasing with respect to h if and only if for all x ∈ X, fx gy for all y ∈ h - (fx), and gx fy for all
, (b) partially weakly increasing with respect to h if fx gy for all y ∈ h - (fx)
[].
Remark . In the above definition: (i) if f = g, we say that f is weakly increasing (partially weakly increasing) with respect to h, (ii) if h = I (the identity mapping on X), then the above definition reduces to a weakly increasing (partially weakly increasing) mapping (see [, ] ).
The following is an example of mappings f , g, h, R, S and T for which all ordered pairs (f , g), (g, h) and (h, f ) are partially weakly increasing with respect to R, S and T but not weakly increasing with respect to them.
and
Definition . [, ] Let X be a G-metric space and f , g : X → X. The pair (f , g) is said to be compatible if and only if lim n→∞ G(fgx n , fgx n , gfx n ) = , whenever {x n } is a sequence in X such that lim n→∞ fx n = lim n→∞ gx n = t for some t ∈ X.
Definition . (see, e.g., []) A quasi-metric on a nonempty set X is a mapping p :
A pair (X, p) is said to be a quasi-metric space.
The study of unique common fixed points of mappings satisfying strict contractive conditions has been at the center of vigorous research activity. 
Main results
Let (X, , G) be an ordered G-metric space, and let f , g, h, R, S, T : X → X be six selfmappings. Throughout this paper, unless otherwise stated, for all x, y, z ∈ X, let
Let X be any nonempty set and f , g, h, R, S, T : X → X be six mappings such that
Continuing in this way, we construct a sequence {z n } defined by: z n+ = Rx n+ = fx n , z n+ = Sx n+ = gx n+ , and z n+ = Tx n+ = hx n+ for all n ≥ . The sequence {z n } in X is said to be a Jungck-type iterative sequence with initial guess x  . Proof Let {z n } be a Jungck-type iterative sequence with initial guess x  in X; that is, z n+ = Rx n+ = fx n , z n+ = Sx n+ = gx n+ and z n+ = Tx n+ = hx n+ for all n ≥ .
Theorem . Let (X, , G) be a partially ordered G-complete G-metric space. Let f , g, h, R, S, T : X → X be six mappings such that f (X) ⊆ R(X), g(X) ⊆ S(X) and h(X) ⊆ T(X). Suppose that for every three comparable elements Tx, Ry, Sz ∈ X, we have
ψ G(fx, gy, hz) ≤ ψ M(x, y, z) -ϕ M(x, y, z) , (  .  ) where ψ, ϕ : [, ∞) → [, ∞) are altering distance functions. Let f , g,
h, R, S and T be continuous, the pairs (f , T), (g, R) and (h, S) be compatible and the pairs (f , g), (g, h) and (h, f ) be partially weakly increasing with respect to R, S and T, respectively. Then the pairs (f , T), (g, R) and (h, S) have a coincidence point z
, and the pairs (f , g), (g, h) and (h, f ) are partially weakly increasing with respect to R, S and T, so we have
Continuing this process, we obtain Rx n+ Sx n+ Tx n+ for n ≥ . We will complete the proof in three steps.
Step I. We will prove that lim k→∞ G(z k , z k+ , z k+ ) = . http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Thus,
for each k. We now claim that the following inequality holds:
Let k = n and for n ≥ , G(z n+ , z n+ , z n+ ) ≥ G(z n , z n+ , z n+ ) > . Then, as Tx n Rx n+ Sx n+ , using (.), we obtain that
Hence, (.) implies that
Therefore, (.) is proved for k = n. Similarly, it can be shown that
Hence, {G(z k , z k+ , z k+ )} is a nondecreasing sequence of nonnegative real numbers. Therefore, there is r ≥  such that
Taking limit as n → ∞ in (.), using (.), (.) and the continuity of ψ and ϕ, we have
from our assumptions about ϕ. Also, from Definition ., part (G), we have
and, since G(x, y, y) ≤ G(x, x, y) for all x, y ∈ X, we have
Step II. We now show that {z n } is a G-Cauchy sequence in X. Because of (.), it is sufficient to show that {z n } is G-Cauchy.
We assume on contrary that there exists ε >  for which we can find subsequences
and n(k) is the smallest number such that the above statement holds; i.e.,
From the rectangle inequality and (.), we have
(.) http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Taking limit as k → ∞ in (.), from (.) and (.) we obtain that
Using the rectangle inequality, we have
Taking limit as k → ∞ in (.), from (.), (.), (.) and (.) we have
Finally,
Taking limit as k → ∞ in (.) and using (.), (.), (.) and (.), we have
Taking limit as k → ∞ and using (.), (.) and (.), we have
Therefore,
As Tx m(k) Rx n(k)+ Sx n(k)+ , so from (.) we have
where
Taking limit as k → ∞ and using (.), (.), (.) and (.) in (.), we have
a contradiction. Hence, {z n } is a G-Cauchy sequence.
Step III. We will show that f , g, h, R, S and T have a coincidence point. Therefore, fz
In the following theorem, the continuity assumption on the mappings f , g, h, R, S and T is in fact replaced by the sequential limit comparison property of the space, and the compatibility of the pairs (f , T), (g, R) and (h, S) is in fact replaced by weak compatibility of the pairs.
Theorem . Let (X, , G) be a partially ordered G-complete G-metric space with the sequential limit comparison property, let f , g, h, R, S, T : X → X be six mappings such that f (X) ⊆ R(X), g(X) ⊆ S(X), and let h(X) ⊆ T(X), RX, SX and TX be G-complete subsets of X. Suppose that for comparable elements Tx, Ry, Sz ∈ X, we have
where Taking limit as n → ∞ in (.), as G(z * , z * , z * ) =  and from (G) and the fact that , y) , we obtain that
altering distance functions. Then the pairs (f , T), (g, R) and (h, S) have a coincidence point z * in X provided that the pairs (f , T), (g, R) and (h, S) are weakly compatible and the pairs (f , g), (g, h) and (h, f ) are partially weakly increasing with respect to R, S and T, respectively. Moreover, if Rz
which implies that fw = z * = gu, a contradiction, so fw = gu. Again from the above inequality it is easy to see that fw = z * . So, we have fw = z * = Tw.
As f and T are weakly compatible, we have fz * = fTw = Tfw = Tz * . Thus z * is a coincidence point of f and T.
Similarly it can be shown that z * is a coincidence point of the pairs (g, R) and (h, S).
The rest of the proof can be obtained from the same arguments as those in the proof of Theorem .. for all x, y ∈ X, it is easy to see that both mappings p and q do not satisfy the conditions of Definition .. Hence, Theorem . and Theorem . cannot be characterized in the context of quasi-metric as it is suggested in [, ].
Taking T = R = S in Theorem ., we obtain the following result. http://www.fixedpointtheoryandapplications.com/content/2013/1/326 Corollary . Let (X, , G) be a partially ordered G-complete G-metric space, and let f , g, h, R : X → X be four mappings such that f (X) ∪ g(X) ∪ h(X) ⊆ R(X). Suppose that for every three comparable elements Rx, Ry, Rz ∈ X, we have ψ G (fx, gy, hz) ≤ ψ M(x, y, z) -ϕ M(x, y, z 
. g is continuous and the pair (g, R) is compatible, or c. h is continuous and the pair (h, R) is compatible.
Taking R = S = T and f = g = h in Theorem ., we obtain the following coincidence point result.
Corollary . Let (X, , G) be a partially ordered G-complete G-metric space, and let f , R : X → X be two mappings such that f (X) ⊆ R(X). Suppose that for every three comparable elements Rx, Ry, Rz ∈ X, we have Example . Let X = [, ∞) and G on X be given by G(x, y, z) = |x -y| + |y -z| + |x -z| for all x, y, z ∈ X. We define an ordering ' ' on X as follows:
x y ⇐⇒ y ≤ x, ∀x, y ∈ X. http://www.fixedpointtheoryandapplications.com/content/2013/1/326
Define self-maps f , g, h, S, T and R on X by fx = ln
To prove that (f , g) are partially weakly increasing with respect to R, let x, y ∈ X be such that y ∈ R - fx; that is, Ry = fx. By the definition of f and R, we have sinh - x = sinh y and
Therefore, fx gy. Hence (f , g) is partially weakly increasing with respect to R. Similarly, one can show that (g, h) and (h, f ) are partially weakly increasing with respect to S and T, respectively. Furthermore, fX = TX = gX = SX = hX = RX = [, ∞) and the pairs (f , T), (g, R) and (h, S) are compatible. Indeed, if {x n } is a sequence in X such that for some t ∈ X, lim n→∞ G(t, fx n , fx n ) = lim n→∞ G(t, Tx n , Tx n ) = . Therefore, we have
Continuity of sinh - and sinh implies that
and the uniqueness of the limit gives that sinh t =
So, we have t = . Since f and T are continuous, we have
Using the mean value theorem simultaneously for the functions sinh - and sinh, we have ψ G(fx, gy, hz) = b |fx -gy| + |fx -hz| + |gy -hz|
Thus, (.) is satisfied for all x, y, z ∈ X. Therefore, all the conditions of Theorem . are satisfied. Moreover,  is a coincidence point of f , g, h, R, S and T.
The following example supports the usability of our results for non-symmetric G-metric spaces. 
It is easy to see that (X, G) is a non-symmetric G-metric space. Also, (X, G) has the sequential limit comparison property. Indeed, for each {x n } in X such that G(x n , x, x) →  for an x ∈ X, there is k ∈ N such that for each n ≥ k, x n = x.
Define the self-maps f , g, h, R, S and T by
We see that Remark . Suppose that there exists μ ∈ such that mappings f , g, h, R, S and T satisfy the following condition: Taking f = g in the above, we obtain the following common fixed point result. 
u(t) -v(t) .
Equip X with the G-metric given by
G(u, v, w) = max d(u, v), d(v, w), d(w, u)
for all u, v, w ∈ X. Evidently, (X, G) is a complete G-metric space. We endow X with the partial ordered given by
x y ⇐⇒ x(t) ≤ y(t)
for all t ∈ [a, b]. It is known that (X, ) has the sequential limit comparison property [] . Now, we will prove the following result. b -a) .
Theorem . Suppose that the following hypotheses hold:
Then system (.) has a solution x ∈ X.
Proof From condition (ii), the ordered pairs (f , g), (g, h) and (h, f ) are partially weakly increasing. Now, let x, y ∈ X be such that x y. 
